Abstract. In this paper the notion of modular cone metric space is introduced and some properties of such spaces are investigated. Also we define convex modular cone metric which takes values in C R (Y ) where Y is a compact Hausdorff space. Then a fixed point theorem is proved for contractions in these spaces. Furthermore , we make a remark on paper [9] and it will be proved that their fixed point result in modular metric spaces is not true.
Introduction and preliminaries
Ordered normed spaces and cones have applications in applied mathematics and optimization theory [6] . Replacing the real numbers, as the codomain of metrics, by ordered Banach spaces one may obtain a generalization of metric spaces. Such generalized spaces called cone metric spaces, were introduced by Rzepecki [10] . It is proved in [1] that every cone metric space is metraizable.
In this paper, which is split into two parts, our aim is to develop the theory of cone metric spaces called modular cone metric spaces. In the first part, the notion of modular cone metric space is introduced and some properties of such spaces are investigated. Also we define convex modular cone metric which takes values in C R (Y ) where Y is a compact Hausdorff space. Then a fixed point theorem is proved for contractions in these spaces. In the second part of this paper, we make a remark on paper [9] and it will be proved that their fixed point result in modular metric spaces is not true.
Let E be a topological vector space (TVS, for short) with its zero vector θ. A nonempty subset P of E is called a convex cone if P + P ⊆ E and λP ⊆ P for all λ ≥ 0. A convex cone P is said to be pointed if P ∩ (−P ) = {θ}.
For a given convex cone P in E, a partial ordering on E with respect to P is defined by x y if and only if y − x ∈ P . We shall write x ≺ y if x y and x = y, while x ≪ y will stand for y − x ∈ intP , where intP denotes the topological interior of P .
In the sequel, we will need the following useful lemmas: Lemma 1.1. [8] Let P be a cone in E. Then: (i) If θ a n → θ, then for each c ∈ intP , there exists N ∈ N such that for every n > N , a n ≪ c.
(ii) For every c 1 , c 2 ∈ intP , there exists c ∈ intP such that c ≪ c 1 and c ≪ c 2 .
(iii) for every a ∈ P and c ∈ intP , there exists n 0 ∈ N such that a ≪ n 0 c
The nonlinear scalarization function ξ e : E → R is defined as follows: ξ e (y) = inf{r ∈ R : y ∈ re − P } for all y ∈ E.
is positively homogeneous and continuous on E; (iv) If y 1 ∈ y 2 + P , then ξ e (y 2 ) ≤ ξ e (y 1 );
Let X be a nonempty set and d : X × X → E be a mapping that satisfies: (CM1) For all x, y ∈ X, d(x, y) θ and d(x, y) = θ if and only if x = y,
Then d is called a topological vector space cone metric (TVS cone metric, for short) on X and (X, d) is said to be a topological vector space cone metric space.
Definition 1.4.
[5] Let X be a nonempty set. A function w : (0, ∞) × X × X → [0, ∞] is said to be a modular metric on X, if it satisfies the following three axioms: (i) for given x, y ∈ X, w λ (x, y) = 0 for all λ > 0 if and only if x = y, (ii) w λ (x, y) = w λ (y, x) for all x, y ∈ X and λ > 0, (iii) w λ+µ (x, y) ≤ w λ (x, z) + w µ (z, y) for all x, y, z ∈ X and λ, µ ∈ (0, ∞). If, instead of (i), the function w satisfies only
then w is said to be a pseudo modular on X, and if w satisfies (i ′ ) and (i ′′ ) for given x, y ∈ X, if there exists λ > 0 such that w λ (x, y) = 0, then x = y.
the function w is called a strict modular on X.
A modular (pseudomodular, strict modular) w on X is said to be convex if, instead of (iii), for all λ, µ > 0 and x, y, z ∈ X it satisfies the inequality
Note that the conditions (i) to (iii) imply that for all y, z ∈ X and λ > 0, w λ (y, z) ≥ 0. If w λ (x, y) does not depend on x, y ∈ X, then by (i) w ≡ 0. Now if w λ (x, y) = w(x, y) is independent of λ > 0, then axioms (i)-(iii)
mean that w is a metric on X.
The essential property of a pseudo modular w on X (cf. [5] , Section 2.3) is that, for any given x, y ∈ X, the function 0 < λ → w λ (x, y) is decreasing on (0, ∞).
Definition 1.5.
[5] Let w be pseudo modular on X, the two sets
If w is a convex modular on X, then according to [5] , Section 3.5 and Theorem 3.6, the two modular spaces coincide, X w = X * w . Definition 1.6. [9] Let w be a modular metric on X, x ∈ X w and {x n } be a sequence in X w . Then (1) {x n } is said to be modular convergent to x if for every λ > 0, w λ (x n , x) → 0 as n → ∞.
(2) {x n } is said to be a modular Cauchy sequence if λ > 0, w λ (x n , x m ) → 0 as n, m → ∞ (3) X w is called a complete modular metric space if every modular Cauchy sequence is modular convergent. Theorem 1.7.
[3] Let w be a convex modular metric on X and X * w be a complete modular metric space. Suppose that T : X * w → X * w is a mapping which satisfies the following condition:
Then T has a unique fixed point.
Convergence in modular cone metric spaces
In the following, unless otherwise specified, we always suppose that E is a locally convex Hausdorff TVS with its zero vector θ, P a proper closed and convex pointed cone in E with intP = ∅, e ∈ intP and the partial ordering with respect to P .
Throughout this paper functions w : intP × X × X → E will be written as w(c, x, y) = w c (x, y) for all c ∈ intP and x, y ∈ X. Definition 2.1. Let X be a nonempty set. A function w : intP × X × X → E is said to be a modular cone metric on X, if it satisfies the following three axioms: (i) For given x, y ∈ X, w c (x, y) = θ for all c ∈ intP if and only if x = y, (ii) w c (x, y) = w c (y, x), for all x, y ∈ X and c ∈ intP , (iii) w c1+c2 (x, y) w c1 (x, z) + w c2 (z, y) for all x, y, z ∈ X and c 1 , c 2 ∈ intP . (X, E, P, w) is called a modular cone metric space.
Note that the conditions (i) to (iii) imply that for all y, z ∈ X and c ∈ intP , θ w c (y, z). Indeed, by setting x = y and c 1 = c 2 = c in (iii), for all y, z ∈ X one gets θ = w 2c (y, y) 2w c (y, z).
If w c (x, y) does not depend on x, y ∈ X, then by (i) w ≡ 0. Now if w c (x, y) = w(x, y) is independent of c ∈ intP , then axioms (i)-(iii) mean that w is a cone metric on X. For given x, y ∈ X, the function θ ≪ c → w c (x, y) is decreasing on intP . In fact, if θ ≪ c 1 ≪ c 2 , then
By the following example, we may construct a of examples of modular cone metric spaces using a cone metric.
Example 2.2. Let (X, d) be a cone metric space and ϕ : intP → (0, ∞) be a decreasing function. Now define w c (x, y) = ϕ(c)d(x, y). It is easy to see that w is a modular cone metric on X. Indeed, by the properties of a cone metric d axioms (i)-(ii) of definition 2.1 are satisfied. On the other hand, for all x, y, z ∈ X and c 1 , c 2 ∈ intP , we have:
Now we define some convergence concepts in this space. It will be proved that these definitions are compatible with some topology on X constructed by a modular cone metric. Definition 2.3. Let (X, E, P, w) be a modular cone metric space, x ∈ X and {x n } be a sequence in X. Then (1) {x n } is said to be modular cone convergent to x and we denote it by x n w −→ x if for every c ≫ θ there exists a positive integer N such that for all n > N , w c (x n , x) ≪ c. (2) {x n } is said to be a modular cone Cauchy sequence if for every c ≫ θ there exists a positive integer N such that for all m, n > N , w c (x n , x m ) ≪ c. (3) (X, w) is called a complete modular cone metric space if every modular cone Cauchy sequence is convergent.
Let E be a Banach space and P be a cone in E. The cone P is called normal if there exists a constant K > 0 such that for all a, b ∈ P , a b implies that a ≤ K b . The least positive number satisfying the above inequality is called the normal constant of P .
In the next theorem some equivalent condition for convergence is proved. Theorem 2.4. Let E be a Banach space and P be a normal cone with normal constant K. Suppose that (X, E, P, w) is a modular cone metric space and {x n } is a sequence in X. Then, (i) x n w −→ x if and only if for each c ∈ intP , w c (x n , x) → 0 as n → ∞.
(ii) {x n } is modular cone Cauchy if and only if for each c ∈ intP , w c (x n , x m ) → 0 as n, m → ∞.
Proof. Let x n w −→ x. Fix c ∈ intP . Then for every 0 < ε < 1, there exists a positive integer N such that for all n > N , w εc (x n , x) ≪ εc. On the other hand, so for each n we have w c (x n , x) w εc (x, y), since εc ≪ c. Hence, w c (x n , x) ≪ εc, for each n > N . Therefore, normality of P implies that w c (x n , x) ≤ Kε c , for each n > N .
For proving
Now we are going to construct a topology on X, where (X, E, P, w) is a modular cone metric space. For any x ∈ X, c ∈ intP , B w (x, c) = {y ∈ X : W c (x, y) ≪ c}.
Theorem 2.5. Let (X, E, P, w) be a modular cone metric space. Then τ w = {U ⊂ X : ∀x ∈ U ∃c ∈ intP s.t B w (x, c) ⊂ U } forms a Hausdorff topology on X.
Proof. Trivially ∅, X ∈ τ w . Also for any U, V ∈ τ w and x ∈ U ∩V , then x ∈ U and x ∈ V , one may find c 1 , c 2 ∈ intP such that x ∈ B w (x, c 1 ) ⊂ U and x ∈ B w (x, c 2 ) ⊂ V . By Lemma 1.1, there exists c ∈ intP such that c ≪ c 1 and c ≪ c 2 . Now suppose that y ∈ B w (x, c), so we have w c1 (x, y) w c (x, y) ≪ c ≪ c 1 , hence, y ∈ B w (x, c 1 ). Similarly we have y ∈ B w (x, c 2 ).
Let U α ∈ τ w for each α ∈ ∆ and let x ∈ α∈∆ U α , then ∃α 0 ∈ ∆ such that x ∈ U α0 . Hence, x ∈ B(x, c) ⊂ U α0 , for some c ∈ intP . That is α∈∆ U α ∈ τ . Thus τ w is a topology on X. Now we prove that this topology is a Hausdorff topology. Suppose that x, y ∈ X and x = y. So by the property (i) of Definition 2.1 there exists c ∈ intP such that w c0 (x, y) = θ. In contrary, we assume that for each c ∈ intP ,
Hence, for each n ∈ N, there is a z n ∈ X such that
Thus for each n > 1, we have
Therefore for each n > 1,
This is a contradiction since P ∩ (−P ) = {θ}. So the proof is complete.
One can easily see that the collection {B w (x, c) : x ∈ X, c ∈ intP } forms a basis for τ w under which the above definitions of convergent and Cauchy sequences are fully justified. Theorem 2.6. Every modular cone metric space (X, E, P, w) is first countable.
Proof. Let x ∈ X. Fix c ∈ intP . We show that β x = {B w (x, c n ) : n ∈ N} is a local base at x. Let U be an open set such that x ∈ U . Therefore, there is a c 1 ∈ intP such that B w (x, c 1 ) ⊂ U . on the other hand there exists a positive integer n, such that Theorem 2.7. Let (X, E, P, w) be a modular cone metric space. A self map f : X → X is continuous at x ∈ X if and only if whenever x n → x, we have f (x n ) → f (x), as n → ∞.
Proof. Applying Theorem 2.8 complete the proof.
The following useful theorem shows that we may construct a family of modular metrics using a modular cone metric and the mapping ξ e . Theorem 2.8. Let (X, E, P, w) be a modular cone metric space and e ∈ intP . Then W e : (0,
which is defined by W λ (x, y) = ξ e (w λe (x, y)) is a modular metric on X.
Proof. Let x, y ∈ X. If x = y, then w λe (x, y) = θ for each λ > 0, so W e λ (x, y) = ξ e (w λ (x, y)) = 0 for each λ > 0. Now, let for each λ > 0, W e λ (x, y) = 0. So w λe (x, y) = 0θ for each λ > 0. On the other hand for each c ∈ intP there exists a λ > 0 such that λe ≪ c, hence w c (x, y) w λe (x, y) = θ. Therefore, w c (x, y) = θ, for each c ∈ intP .
That means x = y. So we prove that x = y if and only if W Also if x, y, z ∈ X and λ 1 , λ 2 > 0, then W e λ1+λ2 (x, y) =ξ e (w λ1e+λ2e (x, y))
≤ ξ e (w λ1e (x, z)) + ξ e (w λ2e (z, y))
Theorem 2.9. Let (X, E, P, w) be a modular cone metric space, e ∈ intP , x ∈ X and {x n } be a sequence in X. Then for each n > N , w ǫe (x n , x) ≪ ǫe. On the other hand, so w λe (x n , x) w ǫe (x n , x) ≪ ǫe, since ǫe ≪ λe. Hence by the property (iv) of Lemma 1.2, for each n > N we have
Now suppose that λ ≤ ǫ. For c = λe, there is a positive integer N such that for each n > N , w λe (x n , x) ≪ λe.
Hence, for each n > N we have
For its converse, let for each λ > 0, W e λ (x n , x) −→ 0. Fix c ∈ intP , By Lemma 1.1, there exists a positive real number λ 0 such that λ 0 e ≪ c. So, there is a positive integer N such that for each n > N , ξ e (w λ0e (x n , x)) = W λ0 (x n , x) < λ 0 .
Thus by property (ii) of Lemma 1.2 and the fact that the function θ ≪ c → w c (x, y) is decreasing on intP , we have
The proof of (ii) is similar to (i).
A fixed point theorem for contractions in convex modular cone metric spaces
In this section we suppose that E = C R (Y ) where Y is a compact Hausdorff space. E with sup-norm is a real Banach space. Put P = {f ∈ C R (Y ) : f (x) ≥ 0 for anyx ∈ Y }. It is clear that P is a cone in E. Partial order on E with respect to P is defined as follows:
Note that intP = ∅. Indeed, 1 ∈ intP . Lemma 3.1. If f ∈ intP , then f is invertible.
Proof. Let f ∈ intP . Then there exists ǫ > 0 such that
If, in contrary, there is a t 0 ∈ Y such that f (t 0 ) = 0, then by defining g(t) = f (t) − ǫ 2 , it is clear that g ∈ B ǫ (f ) and hence g ∈ P . But g(t 0 ) < 0 and this is a contradiction. Thus 0 / ∈ rang(f ) and so f is invertible.
Now we give the concept of convex modular cone metric spaces.
Definition 3.2. Let X be a nonempty set. A function w : intP × X × X → E is said to be a convex modular cone metric on X, if it satisfies the following three axioms: (i) For given x, y ∈ X, w c (x, y) = θ, for all c ∈ intP , if and only if x = y,
c1+c2 w c2 (z, y), for all x, y, z ∈ X and c 1 , c 2 ∈ intP . (X, w) is called a convex modular cone metric space. Note that every convex modular cone metric space is a modular cone metric space.
If instead of (i), the function w satisfies in (i ′ ) and (i"), then it is called strict convex modular cone metric.
(i ′ ) w c (x, x) = θ for all c ∈ intP and x ∈ X, (i") Given x, y ∈ X, if there exists c ∈ intP such that w c (x, y) = θ, then x = y.
Remark 3.4. Let (X, w) be a convex modular cone metric space and 1 ∈ E = C R (Y ) be the unit constant function.
It is easy to see that W 1 λ (x, y) = ξ 1 (w λ1 (x, y)) is a convex modular metric on X and W 1 λ (x, y) < ∞ so X * W = X.
Theorem 3.5. Let (X, w) be a complete convex modular cone metric space. Suppose there exists a constant number k ∈ (0, 1) and c 0 ∈ intP such that a mapping T : X → X satisfies the following condition:
Proof. Take λ 0 = c 0 ∞ . For all 0 < λ < λ 0 by the above inequality for convex modular metric
Since X * W = X and (X, w) is complete, so (X * W , W ) is complete. Hence, the proof is complete by Theorem 1.7.
A note on "Fixed point theorems for contraction mappings in modular metric spaces"
Recently, in the paper "Ch. Mongkolkeha, W. Sintunavarat, P. Kumam, Fixed point theorems for contraction mapping in modular metric spaces, Fixed Point Theory and Applications, (2011)", the authors have studied and introduced some fixed-point theorems in the framework of a modular metric space. We will first state the main result that the authors have proved in that paper and then by constructing an example we will show that the result is not true. Definition 4.1. (Definition 3.1. of original paper) Let w be a modular metric on X and X w be a modular metric space induced by w and T : X w → X w be an arbitrary mapping. A mapping T is called a contraction if for each x, y ∈ X w and for all λ > 0 there exists 0 < k < 1 such that w λ (T x, T y) ≤ kw λ (x, y). Theorem 4.2. (Theorem 3.2. of original paper) Let w be a modular metric on X and X w be a modular metric space induced by w. If X w is a complete modular metric space and T : X w → X w is a contraction mapping, then T has a unique fixed point in X w . Moreover, for any x ∈ X w , iterative sequence {T n x} converges to the fixed point.
Now by following example we show that the above theorem is not valid. We note that if we take λ → ∞, then we see that X = X w and also it is easy to see that if {x n } is a Cauchy sequence in X w then we just have one of the following assertions:
(1) There exists a positive integer N such that for each n > N , x n ∈ {(a, 0) ∈ R 2 : for all (a 1 , b 1 ), (a 2 , b 2 ) ∈ X w . But T does not have any fixed point in X w .
